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Abstract. In this paper, we investigated the nonlinear oscillations, vibrations and chaotic 
dynamics of a simply supported rectangular plate made of functionally graded materials (FGMs) 
through a temperature field subjected to mixed excitations. The rectangular FGM plate system 
described by a coupled of nonlinear differential equations (two degree of freedom) including the 
quadratic and cubic nonlinear terms. The mathematical solutions of the governing equations of 
motion for the FGM plate derived using the perturbation method based on the power series 
expansion up to and including the second order approximation. The numerical simulations 
investigated using Runge-Kutta of fourth order using MATLAB and MAPLE programs. All 
different resonance cases reported and studied numerically. We applied both frequency response 
equations and phase-plane technique and also Lyapunov’s first method near the worst resonance 
cases to analyze the stability of the steady state solution of vibrating system. The effects of the 
different parameters of the rectangular plate system studied numerically. Results compared to 
previously published work. In the future work, we can deal with the same system subjected 
multi-external and tuned and parametric excitation forces. Also, the system can be studied at 
another worst different resonance cases, active and passive controller. 
Keywords: FGM rectangular plate, vibrations, chaotic dynamics, stability, saturation. 
1. Introduction 
The functionally graded materials (FGMs) have received a considerable attention recently as 
one class of inhomogeneous composite materials. Functionally graded materials (FGMs) are 
inhomogeneous composites within which materials properties vary continuously. This is achieved 
by gradually changing the composition of the constituent materials, usually in one direction, to 
obtain smooth variation in material properties [1]. Reddy [2] developed both theoretical and finite 
element formulations for thick FGM plates according to the higher-order shear deformation plates 
theory, and studied the non-linear dynamic response of FGM plates subjected to a sudden applied 
uniform pressure. Yang et al. [3] studied the large amplitude vibration of pre-stressed FGM 
laminated plates that were composed of an FGM layer and two surface-mounted piezoelectric 
actuator layers. Huang and Shen [4] dealt with the nonlinear vibration and dynamic response of 
FGM plates in heat environment. Heat conduction and temperature-dependent material properties 
were both considered. More recently, Yang and his coworkers studied the sensitivity of nonlinear 
vibration and dynamic response of FGM plates to initial geometrical imperfections of arbitrary 
shape [5, 6]. Ye et al. [7] dealt with nonlinear dynamic behavior of a parametrically excited, simply 
supported, symmetric cross-ply laminated rectangular thin plate. The geometric nonlinearity and 
nonlinear damping were included in the governing equations of motion. FGM were initially 
designed as thermal barriers for aerospace structures and fusion reactors. Usually, they are made 
from a mixture of metals and ceramics. Due to their unique advantage of being able to withstand 
sever high-temperature, FGM have found a wide range of applications in many industries, 
especially in space vehicles and aircrafts, where they are often subjected to high levels of thermal 
and dynamic loading, such as large temperature gradients and acoustic pressure, which may result 
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in a complicated nonlinear vibration behavior of the FGM plate structures [8]. Hao et al. [9] 
established the nonlinear governing equations of motion for a simply supported FGM rectangular 
plate subjected to the transversal and in-plane excitations in thermal environment and investigated 
the nonlinear oscillations, bifurcations and chaos of the functionally graded material plate. Zhang 
et al. [10] studied the chaotic vibrations of an orthotropic FGM rectangular plate based on 
third-order shear deformation theory. Zhang et al. [10] investigated the nonlinear vibrations and 
chaotic dynamics of a simply supported orthotropic FGM rectangular plate subjected to the in-lane 
and transverse excitations together with thermal loading. The present study is focused on the case 
of 1:2:4 internal resonance, primary parametric resonance and sub-harmonic resonance of order 
1/2. Yang et al. [11] analyzed the nonlinear dynamic responses of a functionally graded plate with 
a through-width surface crack. Li et al. [12] used the extended Melnikov method to investigate the 
multi-pulse chaotic dynamics of a functionally graded material rectangular plate with one-to-one 
internal resonance. Malekzadeh [13] studied free vibration of functionally graded (FG) 
thin-to-moderately thick annular plates subjected to thermal environment and supported on 
two-parameter elastic foundation. Akbarzadeh et al. [14] investigated the dynamic response of a 
simply supported functionally graded rectangular plate subjected to a lateral thermomechanical 
by using the hybrid Fourier-Laplace transform method. Zhang et al. [15] investigated the nonlinear 
periodic and chaotic motions of a simply supported FGM rectangular plate under both in plane 
and transverse excitations in thermal environment. The present analysis is focused on the case of 
1:2 internal resonance and primary parametric resonance, 1/2 sub-harmonic resonance. Eissa and 
Sayed [16-18], studied the effects of different active controllers on simple and spring pendulum 
at the primary resonance via negative velocity feedback or it’s square or cubic. Hamed et al.  
[19-21] studied USM model subject to multi-external or both multi-external and multi-parametric 
and both multi-external and tuned excitation forces. The model consists of 
multi-degree-of-freedom system consisting of the tool holder and absorbers (tools) simulating 
ultrasonic machining process. The advantages of using multi-tools are to machine different 
materials and different shapes at the same time. This leads to time saving and higher machining 
efficiency. Sayed and Hamed [22] studied the response of a two-degree-of-freedom system with 
quadratic coupling under parametric and harmonic excitations. The method of multiple scale 
perturbation technique is applied to solve the non-linear differential equations and obtain 
approximate solutions up to and including the second-order approximations. Hamed et al [23] 
presented the behavior of the nonlinear string beam coupled system subjected to external, 
parametric and tuned excitations for case 1:1 internal resonance. The stability of the system 
studied using frequency response equations and phase-plane method. It is found from numerical 
simulations that there are obvious jumping phenomena in the frequency response curves. Sayed 
and et al. [24] investigated the non-linear dynamics of a two-degree-of freedom vibration system 
including quadratic and cubic non-linearities subjected to external and parametric excitation  
forces. There exist multi-valued solutions which increase or decrease by the variation of some 
parameters. The numerical simulations show the system exhibits periodic motions and chaotic 
motions. Amer and Sayed [25] studied the response of one-degree-of freedom, non-linear system 
under multi-parametric and external excitation forces simulating the vibration of the cantilever 
beam. The solution of this system up to and including the second order approximation is 
determined applying the multiple time scale perturbation. The steady state solution and its stability 
are determined. Sayed and Kamel [26, 27] investigated the effect of different controllers on the 
vibrating system and the saturation control of a linear absorber to reduce vibrations due to rotor 
blade flapping motion. The stability of the obtained numerical solution is investigated using both 
phase plane methods and frequency response equations. Sayed and Mousa [28] investigated the 
influence of the quadratic and cubic terms on non-linear dynamic characteristics of the angle-ply 
composite laminated rectangular plate with parametric and external excitations. They focused on 
the case of 1:2 internal resonance and sub-harmomic resonance. Sayed and Mousa [29] 
investigated the perturbation method and stability of the composite laminated piezoelectric 
rectangular plate under simultaneous transverse and in-plane excitations. They focused on the case 
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of 1:1:3 internal resonance and primary resonance. The stability of the system and the effects of 
different parameters on system behavior have been studied using frequency response curves. 
Stability is performed of figures by solid and dotted lines. The analytical results given by the 
method of multiple time scale is verified by comparison with results from numerical integration 
of the modal equations. It is quite clear that some of the simultaneous resonance cases are 
undesirable in the design of such system. 
2. Mathematical analysis 
A simply supported FGM rectangular plate subjected to a through-thickness temperature field 
together with tuned, parametric and external excitations is considered in this study. The plate is of 
length ܽ , width ܾ , and thickness ℎ  as shown in Fig. 1. Assume that (ݑ, ݒ, ݓ ) represent the 
displacements of an arbitrary point of the FGM rectangular plate in the ݔ, ݕ, and ݖ directions 
respectively. Along the plate edges ݔ = 0, ݔ = ܽ, the plate is subjected to an in-plane excitation 
݌ = ݌଴ − ݌ଵcosߛଶ ݐ  where ݌଴ , ݌ଵ  are the external excitation amplitude in ݕ  direction and a 
transverse excitation ܨ(ݔ, ݕ)(cosߛଵ ݐ + sinߛଷ ݐ ∗ cosߛସ ݐ), where ܨ(ݔ, ݕ) are the parametric and 
tuned excitation amplitudes in ݖ direction. Here ߶௫ and ߶௬ represent the mid-plane rotations of a 
transverse normal about the ݕ and ݔ axes, ߛଵ, ߛଶ, ߛଷ and ߛସ are the excitation frequencies of the 
transverse and in-plane excitations, respectively. According to the Reddy’s third-order shear 
deformation plate theory (TSDT) [30], the displacement field of the plate is assumed as: 
ݑ(ݔ, ݕ, ݐ) = ݑ଴(ݔ, ݕ, ݐ) + ݖ߶௫(ݔ, ݕ, ݐ) − ܿଵݖଷ ൬߶௫ +
߲ݓ଴
߲ݔ ൰, (1a)
ݒ(ݔ, ݕ, ݐ) = ݒ଴(ݔ, ݕ, ݐ) + ݖ߶௬(ݔ, ݕ, ݐ) − ܿଵݖଷ ൬߶௬ +
߲ݓ଴
߲ݕ ൰, (1b)
ݓ(ݔ, ݕ, ݐ) = ݓ଴(ݔ, ݕ, ݐ), (1c)
where (ݑ଴, ݒ଴, ݓ଴) represent the displacements of a point in middle plane of the FGM rectangular 
plate in the ݔ, ݕ, and ݖ directions respectively. According to the von Karman strain-displacements 
relationship and the Hamilton’s principle, the nonlinear governing equations of motion for the 
FGM rectangular plate are derived as: 
௫ܰ௫,௫ + ௫ܰ௬,௬ = ܫ଴ݑሷ ଴ + (ܫଵ − ܿଵܫଷ)߶ሷ௫ − ܿଵܫଷ
߲ݓሷ ଴
߲ݔ ,
(2a)
௬ܰ௬,௬ + ௫ܰ௬,௬ = ܫ଴ݒሷ଴ + (ܫଵ − ܿଵܫଷ)߶ሷ௬ − ܿଵܫଷ
߲ݓሷ ଴
߲ݕ , (2b)
௬ܰ௬,௬
߲ݓ଴
߲ݕ + ௬ܰ௬
߲ଶݓ଴
߲ݕଶ + ௫ܰ௬,௬
߲ݓ଴
߲ݔ + ௫ܰ௬,௫
߲ݓ଴
߲ݕ + 2 ௫ܰ௬
߲ଶݓ଴
߲ݕ߲ݔ + ௫ܰ௫,௫
߲ݓ଴
߲ݔ + ௫ܰ௫
߲ଶݓ଴
߲ݔଶ  
      +ܿଵ൫݌௫௫,௫௫ + 2݌௫௬,௫௬ + ݌௬௬,௬௬൯ + ൫ܳ௫,௫ − ܿଶܴ௫,௫൯ + ൫ܳ௬,௬ − ܿଶܴ௬,௬൯ + ܨ − ߛݓሶ ଴ 
      = ܫ଴ݓሷ ଴ + ܿଵܫଷ ൬
߲ݑሷ ଴
߲ݔ +
߲ݒሷ଴
߲ݕ ൰ + (ܿଵܫସ − ܿଵ
ଶܫ଺) ቆ
߲߶ሷ௫
߲ݔ +
߲߶ሷ௬
߲ݕ ቇ − ܿଵ
ଶܫ଺ ቆ
߲ଶݓሷ ଴
߲ݔଶ +
߲ଶݓሷ ଴
߲ݕଶ ቇ, 
(2c)
ܯ௫௫,௫ + ܯ௫௬,௬ − ܿଵ൫݌௫௫,௫ + ݌௫௬,௬൯ − (ܳ௫ − ܿଶܴ௫) = (ܫଵ − ܿଵܫଷ) ݑሷ ଴ 
      +(ܫଶ − 2ܿଵܫସ + ܿଵଶܫ଺) ߶ሷ௫ − (ܿଵܫସ − ܿଵଶܫ଺)
߲ݓሷ ଴
߲ݔ , 
(2d)
ܯ௬௬,௬ + ܯ௫௬,௬ − ܿଵ൫݌௬௬,௬ + ݌௫௬,௫൯ − ൫ܳ௬ − ܿଶܴ௬൯ = (ܫଵ − ܿଵܫଷ) ݒሷ଴ 
      +(ܫଶ − 2ܿଵܫସ + ܿଵଶܫ଺) ߶ሷ௬ − (ܿଵܫସ − ܿଵଶܫ଺)
߲ݓሷ ଴
߲ݕ . 
(2e)
The boundary conditions for the simply supported plate under current consideration require at: 
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ݔ = 0,   ݔ = ܽ,   ݓ = ߶௬ = ܯ௫௫ = ݌௫௫ = ௫ܰ௬ = 0, (3a)
ݕ = 0,   ݕ = ܾ,   ݓ = ߶௫ = ܯ௬௬ = ݌௬௬ = ௫ܰ௬ = 0, (3b)
௬ܰ௬|௬ୀ଴,௕ = 0,      න ௫ܰ௫
௕
଴
|௫ୀ଴,௔݀ݕ = − න(݌଴ − ݌ଵcosߛଶݐ)݀ݕ.
௕
଴
(3c)
 
Fig. 1. The model of a rectangular FGM plate and the coordinate system 
Applying the Galerkin procedure yield the dimensionless governing differential equation of 
transverse motion of the FGM rectangular plate with two degrees of freedom as follows: 
The governing differential equation of transverse motion of the FGM rectangular plate with 
two degrees of freedom as follows: 
ݔሷ + ߱ଵଶݔ = ߝ(−ߚଵݔଶ − ߚଶݕଶ − ߚଷݔଷ − ߚସݔݕଶ − ߚହݔݕ) 
      +ߝଶ(ߩଵcosߛଵݐ − ߩଵଵݔcosߛଶݐ + ߩଶଵsinߛଷݐ ∗ cosߛସݐ − ߤଵݔሶ ),
(4a)
ݕሷ + ߱ଶଶݕ = ߝ(−ߟଵݕଶ − ߟଶݔଶ − ߟଷݕଷ − ߟସݔଶݕ − ߟହݔݕ) 
      +ߝଶ(ߩଶcosߛଵݐ − ߩଵଶݕcosߛଶݐ + ߩଶଶsinߛଷݐ ∗ cosߛସݐ − ߤଶݕሶ ).
(4b)
The initial conditions for the simply supported plate are: 
ݔ(ݐ = 0) = 0,   ݕ(ݐ = 0) = 0, ݔሶ (ݐ = 0) = 0, ݕሶ (ݐ = 0) = 0, (5)
where ݔ and ݕ are the amplitudes of the FGM rectangular plate for the first and second modes, ߱ଵ 
and ߱ଶ the natural frequencies of the rectangular plate modes, ߤଵ and ߤଶ are the modal damping 
coefficients, and ߛଵ, ߛଶ, ߛଷ and ߛସ are the external and parametric and tuned excitation frequencies 
respectively. ߩଵ, ߩଶ, ߩଵଵ, ߩଵଶ, ߩଶଵ and ߩଶଶ are related to the magnitude of the excitation forces of 
the FGM rectangular plate modes, ߝ  is a small perturbation parameter and 0 < ߝ << 1. We 
introducing three time scales: 
଴ܶ = ݐ,   ଵܶ = ߝݐ,   ଶܶ = ߝଶݐ. (6)
We seek an asymptotic solution of Eq. (4) for ݔ and ݕ in the form: 
ݔ(ݐ, ߝ) = ݔଵ଴( ଴ܶ,  ଵܶ, ଶܶ) + ߝݔଵଵ( ଴ܶ, ଵܶ, ଶܶ) + ߝଶݔଵଶ( ଴ܶ, ଵܶ, ଶܶ) + ܱ(ߝଷ), (7a)
ݕ(ݐ, ߝ) = ݕଵ଴( ଴ܶ,  ଵܶ, ଶܶ) + ߝݕଵଵ( ଴ܶ, ଵܶ, ଶܶ) + ߝଶݕଵଶ( ଴ܶ, ଵܶ, ଶܶ) + ܱ(ߝଷ). (7b)
Derivatives with respect to ݐ are then transformed into: 
݀
݀ݐ = ܦ଴ + ߝ ܦଵ + ߝ
ଶ ܦଶ , (8a)
݀ଶ
݀ݐଶ = ܦ଴
ଶ + 2ߝܦ଴ ܦଵ + ߝଶ( ܦଵଶ + 2ܦ଴ܦଶ). (8b)
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The derivatives ݔሶ ,  ݕሶ , ݔሷ  and ݕሷ  are in the form: 
ݔሶ   = ܦ଴ݔଵ଴ + ߝ(ܦ଴ݔଵଵ + ܦଵݔଵ଴) + ߝଶ(ܦ଴ݔଵଶ + ܦଵݔଵଵ + ܦଶݔଵ଴), (9a)
ݔሷ = ܦ଴ଶݔଵ଴ + ߝ(ܦ଴ଶݔଵଵ + 2ܦ଴ܦଵݔଵ଴) + ߝଶ(ܦ଴ଶݔଵଶ + 2ܦ଴ܦଵݔଵଵ + ܦଵଶݔଵ଴ + 2ܦ଴ܦଶݔଵ଴), (9b)
ݕሶ   = ܦ଴ݕଵ଴ + ߝ(ܦ଴ݕଵଵ + ܦଵݕଵ଴) + ߝଶ(ܦ଴ݕଵଶ + ܦଵݕଵଵ + ܦଶݕଵ଴), (9c)
ݕሷ = ܦ଴ଶݕଵ଴ + ߝ(ܦ଴ଶݕଵଵ + 2ܦ଴ܦଵݕଵ଴) + ߝଶ(ܦ଴ଶݕଵଶ + 2ܦ଴ܦଵݕଵଵ + ܦଵଶݕଵ଴ + 2ܦ଴ܦଶݕଵ଴), (9d)
where ܦ௡ = ߲ ߲ ௡ܶ⁄ , ݊ = 0, 1, 2. Terms of ܱ(ߝଷ) and higher orders are neglected. Substituting 
Eqs. (7)-(9) into Eq. (4) we get: 
൫ܦ଴ଶݔଵ଴ + ߝ(ܦ଴ଶݔଵଵ + 2ܦ଴ܦଵݔଵ଴) + ߝଶ(ܦ଴ଶݔଵଶ + 2ܦ଴ܦଵݔଵଵ + ܦଵଶݔଵ଴ + 2ܦ଴ܦଶݔଵ଴)൯ 
      +߱ଵଶ(ݔଵ଴ + ߝݔଵଵ + ߝଶݔଵଶ) 
      = ߝ ቌ
−ߚଵ(ݔଵ଴ + ߝݔଵଵ + ߝଶݔଵଶ)ଶ − ߚଶ(ݕଵ଴ + ߝݕଵଵ + ߝଶݕଵଶ)ଶ
−ߚଷ(ݔଵ଴ + ߝݔଵଵ + ߝଶݔଵଶ)ଷ − ߚସ(ݔଵ଴ + ߝݔଵଵ + ߝଶݔଵଶ)(ݕଵ଴ + ߝݕଵଵ + ߝଶݕଵଶ)ଶ
−ߚହ(ݔଵ଴ + ߝݔଵଵ + ߝଶݔଵଶ)(ݕଵ଴ + ߝݕଵଵ + ߝଶݕଵଶ)
ቍ 
      +ߝଶ ቆ ߩଵcosߛଵݐ − ߩଵଵ
(ݔଵ଴ + ߝݔଵଵ + ߝଶݔଵଶ)cosߛଶݐ + ߩଶଵsinߛଷݐcosߛସݐ
−ߤଵ൫ܦ଴ݔଵ଴ + ߝ(ܦ଴ݔଵଵ + ܦଵݔଵ଴) + ߝଶ(ܦ଴ݔଵଶ + ܦଵݔଵଵ + ܦଶݔଵ଴)൯
ቇ,
(10a)
൫ܦ଴ଶݕଵ଴ + ߝ(ܦ଴ଶݕଵଵ + 2ܦ଴ܦଵݕଵ଴) + ߝଶ(ܦ଴ଶݕଵଶ + 2ܦ଴ܦଵݕଵଵ + ܦଵଶݕଵ଴ + 2ܦ଴ܦଶݕଵ଴)൯ 
      +߱ଶଶ(ݕଵ଴ + ߝݕଵଵ + ߝଶݕଵଶ) 
       = ߝ ቌ
−ߟଵ(ݕଵ଴ + ߝݕଵଵ + ߝଶݕଵଶ)ଶ − ߟଶ(ݔଵ଴ + ߝݔଵଵ + ߝଶݔଵଶ)ଶ
−ߟଷ(ݕଵ଴ + ߝݕଵଵ + ߝଶݕଵଶ)ଷ − ߟସ(ݔଵ଴ + ߝݔଵଵ + ߝଶݔଵଶ)ଶ(ݕଵ଴ + ߝݕଵଵ + ߝଶݕଵଶ)
−ߟହ(ݔଵ଴ + ߝݔଵଵ + ߝଶݔଵଶ)(ݕଵ଴ + ߝݕଵଵ + ߝଶݕଵଶ)
ቍ 
       +ߝଶ ቆ ߩଶcosߛଵݐ − ߩଵଶ
(ݕଵ଴ + ߝݕଵଵ + ߝଶݕଵଶ)cosߛଶݐ + ߩଶଶsinߛଷݐcosߛସݐ
−ߤଶ൫ܦ଴ݕଵ଴ + ߝ(ܦ଴ݕଵଵ + ܦଵݕଵ଴) + ߝଶ(ܦ଴ݕଵଶ + ܦଵݕଵଵ + ܦଶݕଵ଴)൯
ቇ. 
(10b)
We expand the two sides of Eqs. (10) and equating the coefficients of similar powers of ߝ, one 
obtains the following set of ordinary differential equations: 
Order ߝ଴: 
(ܦ଴ଶ + ߱ଵଶ) ݔଵ଴ = 0, (11a)
(ܦ଴ଶ + ߱ଶଶ) ݕଵ଴ = 0. (11b)
Order ߝଵ: 
(ܦ଴ଶ + ߱ଵଶ) ݔଵଵ = −2ܦ଴ܦଵ ݔଵ଴ − ߚଵ ݔଵ଴ଶ − ߚଶ ݕଵ଴ଶ − ߚଷ ݔଵ଴ଷ − ߚସ ݔଵ଴ ݕଵ଴ଶ − ߚହ ݔଵ଴ ݕଵ଴, (12a)
(ܦ଴ଶ + ߱ଶଶ) ݕଵଵ = −2ܦ଴ܦଵ ݕଵ଴ − ߟଵ ݕଵ଴ଶ − ߟଶ ݔଵ଴ଶ − ߟଷ ݕଵ଴ଷ − ߟସ ݕଵ଴ݔଵ଴ଶ − ߟହ ݕଵ଴ ݔଵ଴. (12b)
Order ߝଶ: 
(ܦ଴ଶ + ߱ଵଶ) ݔଵଶ = −2ܦ଴ ܦଶ ݔଵ଴ − ܦଵଶݔଵ଴ − 2ܦ଴ܦଵ ݔଵଵ − 2ߚଵ ݔଵ଴ ݔଵଵ − 2ߚଶ ݕଵ଴ ݕଵଵ 
      −3ߚଷ ݔଵ଴ଶ  ݔଵଵ − ߤଵܦ଴ݔଵ଴ − ߚସ(ݔଵଵ ݕଵ଴ଶ + 2ݔଵ଴ ݕଵ଴ ݕଵଵ) − ߚହ(ݔଵ଴ ݕଵଵ + ݔଵଵ ݕଵ଴) 
      −ߩଵଵݔଵ଴ cosߛଶ ݐ  + ߩଵcosߛଵ ݐ + ߩଶଵsinߛଷ ݐcosߛସ ݐ, 
(13a)
(ܦ଴ଶ + ߱ଶଶ) ݕଵଶ = −2ܦ଴ ܦଶ ݕଵ଴ − ܦଵଶݕଵ଴ − 2ܦ଴ܦଵ ݕଵଵ − 2ߟଵ ݕଵ଴ ݕଵଵ − 2ߟଶ ݔଵ଴ ݔଵଵ 
      −3ߟଷ ݕଵ଴ଶ  ݕଵଵ − ߤଶܦ଴ݕଵ଴ − ߟସ(ݕଵଵ ݔଵ଴ଶ + 2ݕଵ଴ ݔଵ଴ ݔଵଵ) − ߟହ(ݕଵ଴ݔଵଵ + ݕଵଵ ݔଵ଴) 
      −ߩଵଶݕଵ଴cosߛଶ ݐ  + ߩଶcosߛଵ ݐ + ߩଶଶsinߛଷ ݐcosߛସ ݐ. 
(13b)
The general solutions of Eq. (11), can be written in the form: 
ݔଵ଴ = ܣଵexp(݅߱ଵ ଴ܶ) + ̅ܣଵexp(−݅߱ଵ ଴ܶ), (14a)
ݕଵ଴ = ܣଶ exp(݅߱ଶ ଴ܶ) + ̅ܣଶ exp(−݅߱ଶ ଴ܶ), (14b)
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where ܣଵ and ܣଶ are a complex function in ଵܶ, ଶܶ. Substituting Eq. (14) into Eq. (12) we get: 
(ܦ଴ଶ + ߱ଵଶ) ݔଵଵ = (−2ܦ଴ܦଵ ܣଵ − 2ߚସ ܣଵܣଶ̅ܣଶ − 3ߚଷܣଵଶ̅ܣଵ) exp(݅߱ଵ ଴ܶ) 
      +(−2ܦ଴ܦଵ ̅ܣଵ − 2ߚସ ̅ܣଵ̅ܣଶܣଶ − 3ߚଷ̅ܣଵଶܣଵ) exp(−݅߱ଵ ଴ܶ) − ߚଵܣଵଶ exp(2݅߱ଵ ଴ܶ) 
      −ߚଵ̅ܣଵଶ exp(−2݅߱ଵ ଴ܶ) − ߚଶܣଶଶ exp(2݅߱ଶ ଴ܶ) − ߚଶ̅ܣଶଶ exp(−2݅߱ଶ ଴ܶ) 
      −ߚଷܣଵଷexp(3݅߱ଵ ଴ܶ) − ߚଷ̅ܣଵଷexp(−3݅߱ଵ ଴ܶ) − ߚହܣଵܣଶexp(݅(߱ଵ + ߱ଶ) ଴ܶ)  
      −ߚହ̅ܣଵ̅ܣଶ exp(−݅(߱ଵ + ߱ଶ) ଴ܶ) − ߚହܣଵ̅ܣଶ exp(݅(߱ଵ − ߱ଶ) ଴ܶ) 
      −ߚହ̅ܣଵܣଶ exp(−݅(߱ଵ − ߱ଶ) ଴ܶ) − ߚସܣଵܣଶଶ exp(݅(߱ଵ + 2߱ଶ) ଴ܶ)   
      −ߚସ̅ܣଵ̅ܣଶଶ exp(−݅(߱ଵ + 2߱ଶ) ଴ܶ) − ߚସܣଵ̅ܣଶଶ exp(݅(߱ଵ − 2߱ଶ) ଴ܶ) 
      −ߚସ̅ܣଵܣଶଶexp(−݅(߱ଵ − 2߱ଶ) ଴ܶ) − 2ߚଵܣଵ̅ܣଵ − 2ߚଶܣଶ̅ܣଶ,
(15a)
(ܦ଴ଶ + ߱ଶଶ) ݕଵଵ = (−2ܦ଴ܦଵ ܣଶ − 2ߟସ ܣଵ̅ܣଵܣଶ − 3ߟଷܣଶଶ̅ܣଶ)exp(݅߱ଶ ଴ܶ) 
      +(−2ܦ଴ܦଵ ̅ܣଶ − 2ߟସ ̅ܣଵܣଵ̅ܣଶ − 3ߟଷܣଶ̅ܣଶଶ)exp(−݅߱ଶ ଴ܶ) − ߟଶܣଵଶexp(2݅߱ଵ ଴ܶ) 
      −ߟଵ̅ܣଵଶexp(−2݅߱ଵ ଴ܶ) − ߟଵܣଶଶexp(2݅߱ଶ ଴ܶ) − ߟଵ̅ܣଶଶexp(−2݅߱ଶ ଴ܶ) 
      −ߟଷܣଶଷexp(3݅߱ଶ ଴ܶ) − ߟଷ̅ܣଶଷexp(−3݅߱ଶ ଴ܶ) − ߟହܣଵܣଶexp(݅(߱ଶ + ߱ଵ) ଴ܶ)  
      −ߟହ̅ܣଵ̅ܣଶexp(−݅(߱ଶ + ߱ଵ) ଴ܶ) − ߟହܣଶ̅ܣଵexp(݅(߱ଶ − ߱ଵ) ଴ܶ)  
      −ߟହ̅ܣଶܣଵexp(−݅(߱ଶ − ߱ଵ) ଴ܶ) − ߟସܣଶܣଵଶexp(݅(߱ଶ + 2߱ଵ) ଴ܶ)  
      −ߟସ̅ܣଶ̅ܣଵଶexp(−݅(߱ଶ + 2߱ଵ) ଴ܶ) − ߟସܣଶ̅ܣଵଶexp(݅(߱ଶ − 2߱ଵ) ଴ܶ) 
      −ߟସ̅ܣଶܣଵଶexp(−݅(߱ଶ − 2߱ଵ) ଴ܶ) − 2ߟଵܣଶ̅ܣଶ − 2ߟଶܣଵ̅ܣଵ. 
(15b)
Eliminating the secular terms ݁(±௜ఠభ బ்)  and ݁(±௜ఠమ బ்)  from Eqs. (15), then the first-order 
approximations are given by: 
ݔଵଵ = ܭଵexp(2݅߱ଵ ଴ܶ) + ܭଶexp(2݅߱ଶ ଴ܶ) + ܭଷexp(3݅߱ଵ ଴ܶ) + ܭସexpሾ(݅(߱ଵ + ߱ଶ) ଴ܶ)ሿ 
      +ܭହexpሾ(݅(߱ଵ − ߱ଶ) ଴ܶ)ሿ + ܭ଺expሾ(݅(߱ଵ + 2߱ଶ) ଴ܶ)ሿ + ܭ଻expሾ(݅(߱ଵ − 2߱ଶ) ଴ܶ)ሿ 
      +ܭ଼ + ܿܿ, 
(16a)
ݕଵଵ = ܩଵexp(2݅߱ଵ ଴ܶ) + ܩଶexp(2݅߱ଶ ଴ܶ) + ܩଷexp(3݅߱ଶ ଴ܶ) + ܩସexpሾ(݅(߱ଶ + ߱ଵ) ଴ܶ)ሿ 
      +ܩହexpሾ(݅(߱ଶ − ߱ଵ) ଴ܶ)ሿ + ܩ଺expሾ(݅(߱ଶ + 2߱ଵ) ଴ܶ)ሿ + ܩ଻expሾ(݅(߱ଶ − 2߱ଵ) ଴ܶ)ሿ 
      +ܩ଼  + ܿܿ, 
(16b)
where ܭ௜, (݅ = 1,..., 8) and ܩ௜, (݅ = 1,..., 8) are a complex function in ଵܶ, ଶܶ which are given in the 
appendix and ܿܿ stands for the complex conjugate of the preceding terms.  
With the same steps used to get the first-order approximation, substituting Eqs. (14), (16) into 
Eq. (13) and eliminating the secular terms, then the second-order approximations are given by: 
 ݔଵଶ(  ଴ܶ ,  ଵܶ ,  ଶܶ) =   ܧଵexp(߱ଶ ଴ܶ) + ܧଶexp(2݅߱ଵ ଴ܶ) + ܧଷexp(2݅߱ଶ ଴ܶ) 
      +ܧସexp (3݅߱ଵ  ଴ܶ) + ܧହexp(3݅߱ଶ ଴ܶ) + ܧ଺exp(4݅߱ଵ  ଴ܶ) + ܧ଻exp(4݅߱ଶ ଴ܶ) 
      +ܧ଼exp (5݅߱ଵ  ଴ܶ) + ܧଽexp(݅(߱ଵ + ߱ଶ)  ଴ܶ) + ܧଵ଴exp (݅(߱ଵ − ߱ଶ)  ଴ܶ) 
      +ܧଵଵexp(݅(߱ଵ + 2߱ଶ)  ଴ܶ) + ܧଵଶexp(݅(߱ଵ − 2߱ଶ)  ଴ܶ) + ܧଵଷexp(݅(߱ଵ + 3߱ଶ)  ଴ܶ) 
      +ܧଵସexp(݅(߱ଵ − 3߱ଶ)  ଴ܶ) + ܧଵହexp(݅(߱ଵ + 4߱ଶ)  ଴ܶ) + ܧଵ଺exp(݅(߱ଵ − 4߱ଶ)  ଴ܶ) 
      +ܧଵ଻exp(݅(2߱ଵ + ߱ଶ)  ଴ܶ) + ܧଵ଼exp(݅(2߱ଵ − ߱ଶ)  ଴ܶ) + ܧଵଽexp(݅(2߱ଵ + 2߱ଶ)  ଴ܶ) 
      +ܧଶ଴exp(݅(2߱ଵ − 2߱ଶ)  ଴ܶ) + ܧଶଵexp(݅(3߱ଵ + ߱ଶ)  ଴ܶ) + ܧଶଶexp(݅(3߱ଵ − ߱ଶ)  ଴ܶ) 
      +ܧଶଷexp(݅(3߱ଵ + 2߱ଶ)  ଴ܶ) + ܧଶସexp(݅(3߱ଵ − 2߱ଶ)  ଴ܶ) + ܧଶହexp(݅(ߛଶ + ߱ଵ)  ଴ܶ) 
      +ܧଶ଺exp(݅(ߛଶ − ߱ଵ) ଴ܶ) + ܧଶ଻exp(݅ߛଵ ଴ܶ) + ܧଶ଼exp(݅(ߛଷ + ߛସ) ଴ܶ) 
      +ܧଶଽexp(݅(ߛଷ − ߛସ) ଴ܶ) + ܧଷ଴ + ܿܿ,
(17a)
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 ݕଵଶ(  ଴ܶ ,  ଵܶ ,  ଶܶ) =   ܪଵexp(߱ଵ ଴ܶ) + ܪଶexp(2݅߱ଵ  ଴ܶ) + ܪଷexp(2݅߱ଶ ଴ܶ) 
      +ܪସexp(3݅߱ଵ  ଴ܶ) + ܪହexp(3݅߱ଶ ଴ܶ) + ܪ଺exp (4݅߱ଵ  ଴ܶ) + ܪ଻exp(4݅߱ଶ ଴ܶ) 
      +ܪ଼exp(5݅߱ଶ ଴ܶ) + ܪଽexp(݅(߱ଵ + ߱ଶ)  ଴ܶ) + ܪଵ଴exp (݅(߱ଵ − ߱ଶ)  ଴ܶ) 
      +ܪଵଵexp(݅(߱ଵ + 2߱ଶ)  ଴ܶ) + ܪଵଶexp(݅(߱ଵ − 2߱ଶ)  ଴ܶ) + ܪଵଷexp(݅(߱ଵ + 3߱ଶ)  ଴ܶ) 
      +ܪଵସexp(݅(߱ଵ − 3߱ଶ)  ଴ܶ) + ܪଵହexp(݅(4߱ଵ + ߱ଶ)  ଴ܶ) + ܪଵ଺exp(݅(4߱ଵ − ߱ଶ)  ଴ܶ) 
      +ܪଵ଻exp(݅(2߱ଵ + ߱ଶ)  ଴ܶ) + ܪଵ଼exp(݅(2߱ଵ − ߱ଶ)  ଴ܶ) + ܪଵଽexp(݅(2߱ଵ + 2߱ଶ)  ଴ܶ) 
      +ܪଶ଴exp(݅(2߱ଵ − 2߱ଶ)  ଴ܶ) + ܪଶଵexp(݅(3߱ଵ + ߱ଶ)  ଴ܶ) + ܪଶଶexp(݅(3߱ଵ − ߱ଶ)  ଴ܶ) 
      +ܪଶଷexp(݅(2߱ଵ + 3߱ଶ)  ଴ܶ) + ܪଶସexp(݅(2߱ଵ − 3߱ଶ)  ଴ܶ) + ܪଶହexp(݅(ߛଶ + ߱ଶ)  ଴ܶ) 
      +ܪଶ଺exp(݅(ߛଶ − ߱ଶ) ଴ܶ) + ܪଶ଻exp(݅ߛଵ ଴ܶ) + ܪଶ଼exp(݅(ߛଷ + ߛସ) ଴ܶ) 
      +ܪଶଽexp(݅(ߛଷ − ߛସ) ଴ܶ) + ܪଷ଴ + ܿܿ, 
(17b)
where ܧ௝, (݆ = 1,..., 30) and ܪ௝, (݆ = 1,..., 30) are complex functions in ଵܶ, ଶܶ and ܿܿ represents 
the complex conjugates. 
From the above-derived solutions, many resonance cases can be deduced. The reported 
resonance cases are classified into: 
a) Primary resonance: ߛଵ ≅ ߱ଵ,  ߛଵ ≅ ߱ଶ. 
b) Sub-Harmonic resonance: ߛଶ ≅ 2߱ଵ, ߛଶ ≅ 2߱ଶ. 
c) Internal or secondary resonance: ߱ଶ ≅ ߱ଵ,  ߱ଶ ≅ 2߱ଵ,  ߱ଶ ≅ 3߱ଵ,  ߱ଶ ≅ 4߱ଵ,  
߱ଶ ≅ 1 2⁄ ߱ଵ, ߱ଶ ≅ 1 3⁄ ߱ଵ, ߱ଶ ≅ 1 4⁄ ߱ଵ and ߱ଶ ≅ 2 3⁄ ߱ଵ, ߱ଶ ≅ 3 2⁄ ߱ଵ. 
d) Combined resonance: ±ߛଷ ± ߛସ ≅ ±߱ଵ, ±ߛଷ ± ߛସ ≅ ±߱ଶ. 
e) Simultaneous or incident resonance: Any combination of the above resonance cases is 
considered as simultaneous or incident resonance. 
3. Stability of motion 
Here, to investigate the stability the simultaneous primary  ߛଵ ≅ ߱ଵ, combined  ߛଷ − ߛସ ≅ ߱ଵ 
and internal resonance ߱ଶ ≅ 1 2⁄ ߱ଵ are considered. We introduce detuning parameters ߪଵ, ߪଶ 
and ߪଷ such that: 
ߛଵ = ߱ଵ + ߝߪଵ,   ߛଷ − ߛସ = ߱ଵ + ߝ ߪଶ, 2߱ଶ = ߱ଵ + ߝߪଷ. (18)
This case represents the system worst case. Substituting Eq. (18) into Eqs. (12) and Eq. (13) 
and eliminating the secular terms, leads to the solvability conditions for the first and second order 
approximation, we get: 
2݅߱ଵ
݀ܣଵ
݀ݐ = ߝ(−2 ߚସ߱ଵܣଵܣଶ̅ܣଶ − 3ߚଷܣଵ
ଶ̅ܣଵ − ߚଶܣଶଶ exp(݅ߪଷ ଵܶ)) 
      +ߝଶ(−ܦଵଶܣଵ − ݅ ߱ଵߤଵܣଵ  + Γଵܣଵଷ̅ܣଵଶ + Γଶܣଵଶ̅ܣଵܣଶ̅ܣଶ + Γଷܣଵଶ̅ܣଵ + Γସܣଵܣଶଶ̅ܣଶଶ 
      +Γହܣଵܣଶ̅ܣଶ + (Γ଺ܣଵ̅ܣଵܣଶଶ + Γ଻ܣଶଷ̅ܣଶ) exp(݅ߪଷ ଵܶ) + (Γ଼ ܣଵଶ̅ܣଶଶ) exp(−݅ߪଷ ଵܶ)   
      +(Γଽ̅ܣଵܣଶସ)exp(2݅ߪଷ ଵܶ) +
ߩଵ
2 exp(݅ߪଵ ଵܶ) −
݅ߩଶଵ
4 exp(݅ߪଶ ଵܶ)൰,
(19a)
2݅߱ଶ
݀ܣଶ
݀ݐ = ߝ(−2 ߟସܣଶܣଵ̅ܣଵ  − 3ߟଷܣଶ
ଶ̅ܣଶ  − ߟହ̅ܣଶܣଵ exp(−݅ߪଷ ଵܶ)) 
      +ߝଶ(−ܦଵଶܣଶ − ݅߱ଶߤଶܣଶ  + Γଵ଴ܣଶଷ̅ܣଶଶ + Γଵଵܣଶଶ̅ܣଶܣଵ̅ܣଵ + Γଵଵܣଶଶ̅ܣଶ + Γଵଶܣଶܣଵଶ̅ܣଵଶ 
      +Γଵଷܣଶܣଵ̅ܣଵ + (Γଵସ̅ܣଵܣଶଷ)exp(݅ߪଷ ଵܶ) + (Γଵହܣଵଶ̅ܣଶଷ)exp(−2݅ߪଷ ଵܶ) + (Γଵ଺ܣଵܣଶ̅ܣଶଶ 
      +Γଵ଻ܣଵଶ̅ܣଵ̅ܣଶ)exp(−݅ߪଷ ଵܶ)),
(19b)
where Γ௠, (݉ = 1,..., 17) are constants. 
To analyze the solutions of Eqs. (19), we express ܣଵ( ଵܶ,  ଶܶ) and ܣଶ( ଵܶ,  ଶܶ) in the polar form: 
ܣଵ( ଵܶ,  ଶܶ) =
ܽଵ
2  ݁
௜ఝభ,   ܣଶ( ଵܶ, ଶܶ) =
ܽଶ
2 ݁
௜ఝమ, (20)
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where ܽଵ, ܽଶ and ߮ଵ, ߮ଶ are the steady state amplitudes and phases of the motion. Substituting 
Eqs. (20) into Eq. (19) and equating the real and imaginary parts we obtain the following equations 
describing the modulation of the amplitudes and phases of the first and second modes of FGM 
rectangular plate response: 
ሶܽ ଵ = −
ߤଵ
2 ܽଵ +
ߩଵ
2߱ଵ
sinߠଵ −
ߩଶଵ
4߱ଵ
cosߠଶ −
Γଶଷ
߱ଵ
ܽଵଶܽଶଶsinߠଷ +
Γଶସ
߱ଵ
ܽଵܽଶସsin2ߠଷ 
      + Γଶହ߱ଵ
ܽଶଶsinߠଷ +
Γଶ଺
߱ଵ
ܽଶସsinߠଷ +
Γଶ଻
߱ଵ
ܽଵଶܽଶଶsinߠଷ, 
(21a)
ܽଵ ሶ߮ ଵ = −
Γଵ଼
߱ଵ
ܽଵଷ −
Γଵଽ
߱ଵ
ܽଵହ −
Γଶ଴
߱ଵ
ܽଵܽଶଶ −
Γଶଵ
߱ଵ
ܽଵܽଶସ −
Γଶଶ
߱ଵ
ܽଵଷܽଶଶ −
ߩଵ
2߱ଵ
 cosߠଵ  −
ߩଶଵ
4߱ଵ
sinߠଶ 
      − Γଶଷ߱ଵ
ܽଵଶܽଶଶcosߠଷ −
Γଶସ
߱ଵ
ܽଵܽଶସcos2ߠଷ −
Γଶହ
߱ଵ
ܽଶଶcosߠଷ −
Γଶ଺
߱ଵ
ܽଶସcosߠଷ −
Γଶ଻
߱ଵ
ܽଵଶܽଶଶcosߠଷ, 
(21b)
ሶܽ ଶ = −
ߤଶ
2 ܽଶ −
Γଷଷ
߱ଶ
ܽଵܽଶsinߠଷ −
Γଷସ
߱ଶ
ܽଵܽଶଷsinߠଷ −
Γଷହ
߱ଶ
ܽଵଷܽଶsinߠଷ −
Γଷ଺
߱ଶ
ܽଵܽଶଷsinߠଷ 
      + Γଷ଻߱ଶ
ܽଵܽଶଷsinߠଷ −
Γଷ଼
߱ଶ
ܽଵଶܽଶଷsin2ߠଷ,
(22a)
ܽଶ ሶ߮ ଶ = −
Γଶ଼
߱ଶ
ܽଶଷ −
Γଶଽ
߱ଶ
ܽଶହ −
Γଷ଴
߱ଶ
ܽଵଶܽଶ −
Γଷଵ
߱ଶ
ܽଵସܽଶ −
Γଷଶ
߱ଶ
ܽଵଶܽଶଷ −
Γଷଷ
߱ଶ
ܽଵܽଶcosߠଷ 
      − Γଷସ߱ଶ
ܽଵܽଶଷcosߠଷ −
Γଷହ
߱ଶ
ܽଵଷܽଶcosߠଷ −
Γଷ଺
߱ଶ
ܽଵܽଶଷcosߠଷ −
Γଷ଻
߱ଶ
ܽଵܽଶଷcosߠଷ 
      − Γଷ଼߱ଶ
ܽଵଶܽଶଷcos2ߠଷ, 
(22b)
where  Γ௥  (ݎ = 18,..., 38)  are constants, ߠଵ = ߪଵ  ଵܶ − ߮ଵ,  ߠଶ = ߪଶ  ଵܶ − ߮ଵ  and  
ߠଷ = ߪଷ  ଵܶ − ߮ଵ + 2߮ଶ. Steady-state solutions of the system correspond to the fixed points of 
Eqs. (21)-(22), which in turn correspond to: 
ሶ߮ ଵ = ߪଵ,   ሶ߮ ଶ =
(ߪଵ − ߪଷ)
2 .
(23)
Hence, the fixed points of Eqs. (21)-(22) are given by: 
− ߤଵ2 ܽଵ +
ߩଵ
2߱ଵ
 sinߠଵ −
ߩଶଵ
4߱ଵ
cosߠଶ −
Γଶଷ
߱ଵ
ܽଵଶܽଶଶsinߠଷ +
Γଶସ
߱ଵ
ܽଵܽଶସsin2ߠଷ +
Γଶହ
߱ଵ
ܽଶଶsinߠଷ 
      + Γଶ଺߱ଵ
ܽଶସsinߠଷ +
Γଶ଻
߱ଵ
ܽଵଶܽଶଶsinߠଷ = 0,
(24a)
ܽଵߪଵ +
Γଵ଼
߱ଵ
ܽଵଷ +
Γଵଽ
߱ଵ
ܽଵହ +
Γଶ଴
߱ଵ
ܽଵܽଶଶ +
Γଶଵ
߱ଵ
ܽଵܽଶସ +
Γଶଶ
߱ଵ
ܽଵଷܽଶଶ +
ߩଵ
2߱ଵ
 cosߠଵ  +
ߩଶଵ
4߱ଵ
sinߠଶ 
      + Γଶଷ߱ଵ
ܽଵଶܽଶଶcosߠଷ  +
Γଶସ
߱ଵ
ܽଵܽଶସcos2ߠଷ +
Γଶହ
߱ଵ
ܽଶଶcosߠଷ +
Γଶ଺
߱ଵ
ܽଶସcosߠଷ 
      + Γଶ଻߱ଵ
ܽଵଶܽଶଶcosߠଷ = 0, 
(24b)
− ߞଶ2 ܽଶ  −
Γଷଷ
߱ଶ
ܽଵܽଶsinߠଷ −
Γଷସ
߱ଶ
ܽଵܽଶଷsinߠଷ −
Γଷହ
߱ଶ
ܽଵଷܽଶsinߠଷ −
Γଷ଺
߱ଶ
ܽଵܽଶଷsinߠଷ 
      + Γଷ଻߱ଶ
ܽଵܽଶଷsinߠଷ −
Γଷ଼
߱ଶ
ܽଵଶܽଶଷsin2ߠଷ = 0,
(25a)
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ܽଶ
(ߪଵ − ߪଷ)
2 +
Γଶ଼
߱ଶ
ܽଶଷ +
Γଶଽ
߱ଶ
ܽଶହ +
Γଷ଴
߱ଶ
ܽଵଶܽଶ +
Γଷଵ
߱ଶ
ܽଵସܽଶ +
Γଷଶ
߱ଶ
ܽଵଶܽଶଷ +
Γଷଷ
߱ଶ
ܽଵܽଶcosߠଷ 
      + Γଷସ߱ଶ
ܽଵܽଶଷcosߠଷ +
Γଷହ
߱ଶ
ܽଵଷܽଶcosߠଷ +
Γଷ଺
߱ଶ
ܽଵܽଶଷcosߠଷ +
Γଷ଻
߱ଶ
ܽଵܽଶଷcosߠଷ 
      + Γଷ଼߱ଶ
ܽଵଶܽଶଷcos2ߠଷ = 0. 
(25b)
Solving the resulting algebraic equations for the fixed points for practical case ܽଵ ≠ 0, ܽଶ ≠ 0 
we obtained: 
(ܽଵଶ)ߪଵଶ + ቆ
2Γଶଶܽଵସܽଶଶ
߱ଵ
+ 2Γଶଵܽଵ
ଶܽଶସ
߱ଵ
+ 2Γଶ଴ܽଵ
ଶܽଶଶ
߱ଵ
+ 2Γଵଽܽଵ
଺
߱ଵ
+ 2Γଵ଼ܽଵ
ସ
߱ଵ
ቇ ߪଵ 
      + ቆߤଵ
ଶܽଵଶ
4 +
Γଵ଼ଶ ܽଵ଺
ଵ߱
ଶ +
߁ଵଽଶ ܽଵଵ଴
ଵ߱
ଶ +
߁ଶ଴ଶ ܽଵଶܽଶସ
ଵ߱
ଶ +
߁ଶଵଶ ܽଵଶܽଶ଼
ଵ߱
ଶ +
߁ଶଶଶ ܽଵ଺ܽଶସ
ଵ߱
ଶ −
߁ଶଷଶ ܽଵସܽଶସ
ଵ߱
ଶ −
߁ଶସଶ ܽଵଶܽଶ଼
ଵ߱
ଶ  
      − ߁ଶହ
ଶ ܽଶସ
ଵ߱
ଶ −
߁ଶ଺ଶ ܽଶ଼
ଵ߱
ଶ −
߁ଶ଻ଶ ܽଵସܽଶ଼
ଵ߱
ଶ +
2߁ଵ଼߁ଵଽܽଵ଼
ଵ߱
ଶ +
2߁ଵ଼߁ଶ଴ܽଵସܽଶଶ
ଵ߱
ଶ +
2߁ଵ଼߁ଶଵܽଵସܽଶସ
ଵ߱
ଶ  
      + 2߁ଵ଼߁ଶଶܽଵ
଺ܽଶଶ
ଵ߱
ଶ +
2߁ଵଽ߁ଶ଴ܽଵ଺ܽଶଶ
ଵ߱
ଶ +
2߁ଵଽ߁ଶଵܽଵ଺ܽଶସ
ଵ߱
ଶ +
2߁ଵଽ߁ଶଶܽଵ଼ܽଶଶ
ଵ߱
ଶ +
2߁ଶ଴߁ଶଵܽଵଶܽଶ଺
ଵ߱
ଶ
+ 2߁ଶ଴߁ଶଶܽଵ
ସܽଶସ
ଵ߱
ଶ +
2߁ଶଵ߁ଶଶܽଵସܽଶ଺
ଵ߱
ଶ −
2߁ଶଷ߁ଶସܽଵଷܽଶ଺
ଵ߱
ଶ −
2߁ଶଷ߁ଶହܽଵଶܽଶସ
ଵ߱
ଶ −
2߁ଶଷ߁ଶ଺ܽଵଶܽଶ଺
ଵ߱
ଶ  
      − 2߁ଶଷ߁ଶ଻ܽଵ
ସܽଶସ
ଵ߱
ଶ −
2߁ଶସ߁ଶହܽଵܽଶ଺
ଵ߱
ଶ −
2߁ଶସ߁ଶ଺ܽଵܽଶ଼
ଵ߱
ଶ −
2߁ଶସ߁ଶ଻ܽଵଷܽଶ଺
ଵ߱
ଶ −
2߁ଶହ߁ଶ଺ܽଶ଺
ଵ߱
ଶ  
      − 2߁ଶହ߁ଶ଻ܽଵ
ଶܽଶସ
ଵ߱
ଶ −
2߁ଶ଺߁ଶ଻ܽଵଶܽଶ଺
ଵ߱
ଶ −
ߩଵଶ
4 ଵ߱ଶ
− ߩଶଵ
ଶ
16 ଵ߱ଶ
− ߩଵ߁ଶଷܽଵ
ଶܽଶଶ
ଵ߱
ଶ −
ߩଵ߁ଶସܽଵܽଶସ
ଵ߱
ଶ  
      − ߩଵ߁ଶହܽଶ
ଶ
ଵ߱
ଶ −
ߩଵ߁ଶ଺ܽଶସ
ଵ߱
ଶ −
ߩଵ߁ଶ଻ܽଵଶܽଶଶ
ଵ߱
ଶ ቇ = 0, 
(26a)
ቆܽଶ
ଶ
4 ቇ ߪଷ
ଶ + ቆ− ܽଶ
ଶߪଵ
2 −
߁ଶ଼ܽଶସ
߱ଶ
− ߁ଶଽܽଶ
଺
߱ଶ
− ߁ଷ଴ܽଵ
ଶܽଶଶ
߱ଶ
− ߁ଷଵܽଵ
ସܽଶଶ
߱ଶ
− ߁ଷଶܽଵ
ଶܽଶସ
߱ଶ
ቇ ߪଷ 
      + ቆߤଶ
ଶܽଶଶ
4 +
ߪଵଶܽଶଶ
4 +
߁ଶ଼ଶ ܽଶ଺
߱ଶଶ
+ ߁ଶଽ
ଶ ܽଶଵ଴
߱ଶଶ
+ ߁ଷ଴
ଶ ܽଵସܽଶଶ
߱ଶଶ
+ ߁ଷଵ
ଶ ܽଵ଼ܽଶଶ
߱ଶଶ
+ ߁ଷଶ
ଶ ܽଵସܽଶ଺
߱ଶଶ
− ߁ଷଷ
ଶ ܽଵଶܽଶଶ
߱ଶଶ
 
      − ߁ଷସ
ଶ ܽଵଶܽଶ଺
߱ଶଶ
− ߁ଷହ
ଶ ܽଵ଺ܽଶଶ
߱ଶଶ
− ߁ଷ଺
ଶ ܽଵଶܽଶ଺
߱ଶଶ
− ߁ଷ଻
ଶ ܽଵଶܽଶ଺
߱ଶଶ
− ߁ଷ଼
ଶ ܽଵସܽଶ଺
߱ଶଶ
+ ߁ଶ଼ߪଵܽଶ
ସ
߱ଶ
+ ߁ଶଽߪଵܽଶ
଺
߱ଶ
 
      + ߁ଷ଴ߪଵܽଵ
ଶܽଶଶ
߱ଶ
+ ߁ଷଵߪଵܽଵ
ସܽଶଶ
߱ଶ
+ ߁ଷଶߪଵܽଵ
ଶܽଶସ
߱ଶ
+ 2߁ଶ଼߁ଶଽܽଶ
଼
߱ଶଶ
+ 2߁ଶ଼߁ଷ଴ܽଵ
ଶܽଶ଼
߱ଶଶ
+ 2߁ଶ଼߁ଷଵܽଵ
ସܽଶସ
߱ଶଶ
 
      + 2߁ଶ଼߁ଷଶܽଵ
ଶܽଶ଺
߱ଶଶ
+ 2߁ଶଽ߁ଷ଴ܽଵ
ଶܽଶ଺
߱ଶଶ
+ 2߁ଶଽ߁ଷଵܽଵ
ସܽଶ଺
߱ଶଶ
+ 2߁ଶଽ߁ଷଶܽଵ
ଶܽଶ଼
߱ଶଶ
+ 2߁ଷ଴߁ଷଵܽଵ
଺ܽଶଶ
߱ଶଶ
 
      + 2߁ଷ଴߁ଷଶܽଵ
ସܽଶସ
߱ଶଶ
+ 2߁ଷଵ߁ଷଶܽଵ
଺ܽଶସ
߱ଶଶ
− 2߁ଷଷ߁ଷସܽଵ
ଶܽଶସ
߱ଶଶ
− 2߁ଷଷ߁ଷହܽଵ
ସܽଶଶ
߱ଶଶ
− 2߁ଷଷ߁ଷ଺ܽଵ
ଶܽଶସ
߱ଶଶ
 
      − 2߁ଷଷ߁ଷ଻ܽଵ
ଶܽଶସ
߱ଶଶ
− 2߁ଷଷ߁ଷ଼ܽଵ
ଷܽଶସ
߱ଶଶ
− 2߁ଷସ߁ଷହܽଵ
ସܽଶସ
߱ଶଶ
− 2߁ଷସ߁ଷ଺ܽଵ
ଶܽଶ଺
߱ଶଶ
− 2߁ଷସ߁ଷ଻ܽଵ
ଶܽଶ଺
߱ଶଶ
 
      − 2߁ଷସ߁ଷ଼ܽଵ
ଷܽଶ଺
߱ଶଶ
− 2߁ଷହ߁ଷ଺ܽଵ
ସܽଶସ
߱ଶଶ
− 2߁ଷହ߁ଷ଻ܽଵ
ସܽଶସ
߱ଶଶ
− 2߁ଷହ߁ଷ଼ܽଵ
ଷܽଶ଺
߱ଶଶ
− 2߁ଷ଺߁ଷ଻ܽଵ
ଶܽଶ଺
߱ଶଶ
 
      − 2߁ଷ଺߁ଷ଼ܽଵ
ଷܽଶ଺
߱ଶଶ
− 2߁ଷ଻߁ଷ଼ܽଵ
ଷܽଶ଺
߱ଶଶ
ቇ = 0. 
(26b)
In the frequency response curves, the stable (unstable) steady-state solutions have been 
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represented by solid (dashed) lines. 
3.1. Stability of non-linear solution 
To determine the stability of the fixed points, one lets: 
ܽଵ =  ܽଵ଴+ ܽଵଵ,   ܽଶ = ܽଶ଴+ ܽଶଵ, ߠௌ = ߠௌ଴ + ߠௌଵ ܽ݊݀ ߠଷ = ߠଷ଴ + ߠଷଵ, ݏ = 1, 2, (27)
where ܽଵ଴, ܽଶ଴, ߠௌ଴ and  ߠଷ଴ are the solutions of Eqs. (24)-(25) and where ܽଵଵ, ܽଶଵ, ߠௌଵ and  ߠଷଵ 
are perturbations which are assumed to be small compared to where ܽଵ଴ , ܽଶ଴ , ߠௌ଴  and  ߠଷ଴ . 
Substituting Eq. (27) into Eqs. (21)-(22), using Eqs. (24)-(25) and keeping only the linear terms 
in where ܽଵଵ, ܽଶଵ, ߠௌଵ and  ߠଷଵ we obtain: 
ܽଵଵᇱ = ൬−
ߤଵ
2 −
2߁ଶଷ
߱ଵ
ܽଵ଴ܽଶ଴ଶ sinߠଷ଴ +
Γଶସ
߱ଵ
ܽଶ଴ସ sin2ߠଷ଴ +
2߁ଶ଻
߱ଵ
ܽଵ଴ܽଶ଴ଶ sinߠଷ଴൰ ܽଵଵ 
      +( ߩଵ2߱ଵ
cosߠௌ଴ +
ߩଶଵ
4߱ଵ
sinߠௌ଴)ߠௌଵ + ൬−
2߁ଶଷ
߱ଵ
ܽଵ଴ଶ ܽଶ଴sinߠଷ଴ +
4߁ଶସ
߱ଵ
ܽଵ଴ܽଶ଴ଷ sin2ߠଷ଴ 
      + 2߁ଶହ߱ଵ
ܽଶ଴sinߠଷ଴ +
4߁ଶ଺
߱ଵ
ܽଶ଴ଷ sinߠଷ଴ +
2߁ଶ଻
߱ଵ
ܽଵ଴ଶ ܽଶ଴sinߠଷ଴൰ ܽଶଵ 
      + ൬− 2߁ଶଷ߱ଵ
ܽଵ଴ଶ ܽଶ଴ଶ cosߠଷ଴ +
2߁ଶସ
߱ଵ
ܽଵ଴ܽଶ଴ସ cos2ߠଷ଴ +
߁ଶହ
߱ଵ
ܽଶ଴ଶ cosߠଷ଴ +
߁ଶ଺
߱ଵ
ܽଶ଴ସ cosߠଷ଴ 
      + ߁ଶ଻߱ଵ
ܽଵ଴ଶ ܽଶ଴ଶ cosߠଷ଴൰ ߠଷଵ,
(28a)
ߠௌଵᇱ = ൬
ߪ
ܽଵ଴
+ 3߁ଵ଼߱ଵ
ܽଵ଴ +
5߁ଵଽ
߱ଵ
ܽଵ଴ଷ +
߁ଶ଴
ܽଵ଴߱ଵ
ܽଶ଴ଶ +
߁ଶଵ
ܽଵ଴߱ଵ
ܽଶ଴ସ +
3߁ଶଶ
߱ଵ
ܽଵ଴ܽଶ଴ଶ  
      + 2߁ଶଷ߱ଵ
ܽଶ଴ଶ cosߠଷ଴ +
߁ଶସ
ܽଵ଴߱ଵ
ܽଶ଴ସ cos2ߠଷ଴ +
2߁ଶ଻
߱ଵ
ܽଶ଴ଶ cosߠଷ଴൰  ܽଵଵ + ൬
ߩଶଵ
4߱ଵܽଵ଴
cosߠௌ଴ 
      − ߩଵ2߱ଵܽଵ଴
sinߠௌ଴൰ ߠௌଵ + ൬
2߁ଶ଴
߱ଵ
ܽଶ଴ +
4߁ଶଵ
߱ଵ
ܽଶ଴ଷ +
2߁ଶଶ
߱ଵ
ܽଵ଴ଶ ܽଶ଴ +
2߁ଶଷ
߱ଵ
ܽଵ଴ܽଶ଴cosߠଷ଴ 
      + 4߁ଶସ߱ଵ
ܽଶ଴ଷ cos2ߠଷ଴ +
2߁ଶହ
ܽଵ଴߱ଵ
ܽଶ଴cosߠଷ଴ +
4߁ଶ଺
ܽଵ଴߱ଵ
ܽଶ଴ଷ cosߠଷ଴ +
2߁ଶ଻
߱ଵ
ܽଵ଴ܽଶ଴cosߠଷ଴൰ ܽଶଵ 
      − ൬߁ଶଷ߱ଵ
ܽଵ଴ܽଶ଴ଶ sinߠଷ଴ +
߁ଶସ
߱ଵ
ܽଶ଴ସ sin2ߠଷ଴ +
߁ଶହ
ܽଵ଴߱ଵ
ܽଶ଴ଶ sinߠଷ଴ +
߁ଶ଺
ܽଵ଴߱ଵ
ܽଶ଴ସ sinߠଷ଴ 
      + ߁ଶ଻߱ଵ
ܽଵ଴ܽଶ଴ଶ sinߠଷ଴൰ ߠଷଵ, 
(28b)
ܽଶଵᇱ = ൬−
߁ଷଷ
߱ଶ
ܽଶ଴sinߠଷ଴ −
߁ଷସ
߱ଶ
ܽଶ଴ଷ sinߠଷ଴ −
2߁ଷହ
߱ଶ
ܽଶ଴ܽଵ଴ଶ sinߠଷ଴ −
߁ଷ଺
߱ଶ
ܽଶ଴ଷ sinߠଷ଴ 
      + ߁ଷ଻߱ଶ
ܽଶ଴ଷ sinߠଷ଴ −
2߁ଷ଼
߱ଶ
ܽଵ଴ܽଶ଴ଷ sin2ߠଷ଴൰ ܽଵଵ − ൬
ߤଶ
2 +
߁ଷଷ
߱ଶ
ܽଵ଴sinߠଷ଴ 
      + 3߁ଷସ߱ଶ
ܽଵ଴ܽଶ଴ଶ sinߠଷ଴ +
߁ଷହ
߱ଶ
ܽଵ଴ଷ sinߠଷ଴ +
3߁ଷ଺
߱ଶ
ܽଵ଴ܽଶ଴ଶ sinߠଷ଴ +
3߁ଷ଻
߱ଶ
ܽଵ଴ܽଶ଴ଶ sinߠଷ଴ 
      + 3߁ଷ଼߱ଶ
ܽଵ଴ଶ ܽଶ଴ଶ sin2ߠଷ଴൰ ܽଶଵ − ൬
߁ଷଷ
߱ଶ
ܽଵ଴ܽଶ଴cosߠଷ଴ +
߁ଷସ
߱ଶ
ܽଵ଴ܽଶ଴ଷ cosߠଷ଴ 
      + ߁ଷହ߱ଶ
ܽଵ଴ଷ ܽଶ଴cosߠଷ଴ +
߁ଷ଺
߱ଶ
ܽଵ଴ܽଶ଴ଷ cosߠଷ଴ +
߁ଷ଻
߱ଶ
ܽଵ଴ܽଶ଴ଷ cosߠଷ଴ 
      + ߁ଷ଼߱ଶ
ܽଵ଴ଶ ܽଶ଴ଷ cos2ߠଷ଴൰ ߠଷଵ,
(29a)
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ߠଷଵᇱ = − ൬
4߁ଷ଴
߱ଶ
ܽଵ଴ +
8߁ଷଵ
߱ଵ
ܽଵ଴ଷ +
4߁ଷଶ
߱ଶ
ܽଵ଴ܽଶ଴ଶ +
2߁ଷଷ
߱ଶ
cosߠଷ଴ +
2߁ଷସ
߱ଶ
ܽଶ଴ଶ cosߠଷ଴ 
      + 6߁ଷହ߱ଶ
ܽଵ଴ଶ cosߠଷ଴ +
2߁ଷ଺
߱ଶ
ܽଶ଴ଶ cosߠଷ଴ +
2߁ଷ଻
߱ଶ
ܽଶ଴ଶ cosߠଷ଴ +
4߁ଷ଼
߱ଶ
ܽଵ଴ܽଶ଴ଶ cosߠଷ଴൰ ܽଵଵ 
      − ൬ߪ − ߪଷܽଶ଴
+ 6߁ଶ଼߱ଶ
ܽଶ଴ +
10߁ଶଽ
߱ଶ
ܽଶ଴ଷ +
2߁ଷ଴
ܽଶ଴߱ଶ
ܽଵ଴ଶ +
6߁ଷଶ
߱ଶ
ܽଵ଴ଶ ܽଶ଴ +
2߁ଷଷ
ܽଶ଴߱ଶ
ܽଵ଴cosߠଷ଴ 
      + 6߁ଷସ߱ଶ
ܽଵ଴ܽଶ଴cosߠଷ଴ +
2߁ଷହ
ܽଶ଴߱ଶ
ܽଵ଴ଷ cosߠଷ଴ +
6߁ଷ଺
߱ଶ
ܽଵ଴ܽଶ଴cosߠଷ଴ +
6߁ଷ଻
߱ଶ
ܽଵ଴ܽଶ଴cosߠଷ଴ 
      + 6߁ଷ଼߱ଶ
ܽଵ଴ଶ ܽଶ଴cos2ߠଷ଴൰ ܽଶଵ + ൬
2߁ଷଷ
߱ଶ
ܽଵ଴sinߠଷ଴ +
2߁ଷସ
߱ଶ
ܽଵ଴ܽଶ଴ଶ sin2ߠଷ଴ 
      + 2߁ଷହ߱ଶ
ܽଵ଴ଷ sinߠଷ଴ +
2߁ଷ଺
߱ଶ
ܽଵ଴ܽଶ଴ଶ sinߠଷ଴ +
2߁ଷ଻
߱ଶ
ܽଵ଴ܽଶ଴ଶ sinߠଷ଴ 
      + 4߁ଷ଼߱ଶ
ܽଵ଴ଶ ܽଶ଴ଶ sin2ߠଷ଴൰ ߠଷଵ. 
(29b)
To study the stability of the fixed points corresponding to the practical case, we let ܽଵଵ ≠ 0, 
ߠௌଵ ≠ 0, ܽଶଵ ≠ 0 and ߠଷଵ ≠ 0 in Eqs. (28)-(29), and obtain the eigenvalues from the Jacobian 
matrix of the right hand sides. The zeros of the characteristic equation are given by: 
ߣସ + ܮଵߣଷ + ܮଶߣଶ + ܮଷߣ + ܮସ = 0, (30)
where, ܮଵ, ܮଶ, ܮଷ and ܮସ are functions of the parameters (ܽଵ, ܽଶ, ߱ଵ, ߱ଶ, ߤଵ, ߤଶ, ߚଵ, ߚଶ, ߚଷ, ߚସ, 
ߚହ, ߟଵ, ߟଶ, ߟଷ, ߟସ, ߟହ, ߩଵ, ߩଶ, ߩଵଵ, ߩଵଶ, ߩଶଵ, ߩଶଶ, ߠ௦, ߠଷ, ߪ, ߪଷ). According to the Routh-Hurwitz 
criterion the necessary and sufficient conditions for all the roots of Eq. (30) to posses negative real 
parts, such that: 
ܮଵ ൐ 0,   ܮଵܮଶ − ܮଷ ൐ 0, ܮଷ(ܮଵܮଶ − ܮଷ) − ܮଵଶܮସ ൐ 0, ܮସ ൐ 0. (31)
4. Numerical results 
 
Fig. 2. Non-resonance system behavior (basic case) 
To determine the numerical solution and response of the given system of Eq. (4), the 
Runge-Kutta of fourth order method was applied. Fig. 2 illustrates the response and the 
phase-plane for the non-resonant system (basic case) where  ߛଵ ≠ ߛଶ ≠ ߛଷ ≠ ߛସ ≠ ߱ଵ ≠ ߱ଶ  at 
some practical values of the equation parameters ߤଵ = 0.02, ߚଵ = 0.03, ߚଶ = 0.3, ߚଷ = 0.2,  
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ߚସ = 0.05, ߚହ = 0.3, ߤଶ = 0.02, ߟଵ = 0.3, ߟଶ = 0.03, ߟଷ = 0.5, ߟସ = 0.03, ߟହ = 0.3, ߩଵ = 8.6, 
ߩଶ = 8.6 , ߩଵଵ = 0.02, ߩଵଶ = 0.02, ߩଶଵ = 0.005, ߩଶଶ = 0.005, ߟଵ = 0.3 ,  ߟଶ = 0.03, ߟଷ = 0.5, 
ߟସ = 0.03, ߟହ = 0.3, ߩଵ = 8.6, ߩଶ = 8.6, ߩଵଵ = 0.02, ߩଵଶ = 0.02, ߩଶଵ = 0.005, ߩଶଶ = 0.005. It is 
observed from this figure that the response of the first and second modes of the FGM rectangular 
plate start with increasing amplitude with some chaotic and tuned oscillation respectively, the 
oscillation of the two modes becomes stable and the steady state amplitudes ݔ and ݕ are about 
0.35 and 0.4 respectively and the phase plane shows limit cycle, denoting that the system is free 
from chaos. Table 1 shows the results of the worst resonance conditions. 
Fig. 3 shows that the time response and phase-plane of the simultaneous primary, combined 
and internal resonance (ߛଵ ≅ ߱ଵ ,  ߛଷ − ߛସ ≅ ߱ଵ  and ߱ଶ ≅ 1 2⁄ ߱ଵ) which is one of the worst 
resonance cases. From this figure we have that the amplitude of the first mode of the FGM 
rectangular plate is increased to about 1950 % of that values shown in Fig. 2, while the amplitude 
of the second mode is increased to about 1150 % and becomes stable and the phase plane shows 
multi-limit cycle. 
 
 
Fig. 3. Simultaneous primary combined and internal resonance case:  
ߤଵ = 0.02, ߚଵ = 0.03, ߚଶ = 0.3, ߚଷ = 0.2, ߚସ = 0.05, ߚହ = 0.3, ߤଶ = 0.02, ߟଵ = 0.3, ߟଶ = 0.03,  
ߟଷ = 0.5, ߟସ = 0.03, ߟହ = 0.3, ߩଵ = 8.6, ߩଶ = 8.6, ߩଵଵ = 0.02, ߩଵଶ = 0.02, ߩଶଵ = 0.005,  
ߩଶଶ = 0.005 ( ߛଵ ≅ ߱ଵ,  ߛଷ − ߛସ ≅ ߱ଵ and ߱ଶ ≅ 1 2⁄ ߱ଵ) 
Table 1. Summary of the worst resonance cases 
Resonance cases ݔ % ݕ % Remarks 
Non-resonance case 100 % 100 % Limit cycle 
ߛଵ ≅ ߱ଵ, ߛଵ ≅ ߱ଶ, ߱ଶ ≅ ߱ଵ 1450 % 1000 % Multi Limit cycle 
ߛଵ ≅ ߱ଵ, ߛଶ ≅ 2߱ଶ, ߱ଶ ≅ ߱ଵ 1450 % 900 % Multi Limit cycle 
ߛଵ ≅ ߱ଵ, ߛଷ − ߛସ ≅ ߱ଶ, ߱ଶ ≅ ߱ଵ 1450 % 1000 % Multi Limit cycle 
ߛଵ ≅ ߱ଶ, ߛଶ ≅ 2߱ଵ, ߱ଶ ≅ ߱ଵ 1450 % 900 % Multi Limit cycle 
ߛଵ ≅ ߱ଶ, ߛଷ − ߛସ ≅ ߱ଵ, ߱ଶ ≅ ߱ଵ 1450 % 1000 % Multi Limit cycle 
ߛଵ ≅ ߱ଵ, ߛଵ ≅ ߱ଶ, ߛଷ − ߛସ ≅ ߱ଵ 1450 % 1000 % Multi Limit cycle 
ߛଵ ≅ ߱ଵ, ߛଶ ≅ 2߱ଶ, ߛଷ − ߛସ ≅ ߱ଵ 1400 % 900 % Multi Limit cycle 
ߛଵ ≅ ߱ଶ, ߛଶ ≅ 2߱ଵ, ߛଷ − ߛସ ≅ ߱ଵ 1450 % 800 % Multi Limit cycle 
ߛଵ ≅ ߱ଵ, ߛଷ − ߛସ ≅ ߱ଵ, ߱ଶ ≅ 1 2⁄ ߱ଵ 1950 % 1150 % Multi Limit cycle 
ߛଵ ≅ ߱ଵ, ߛଷ − ߛସ ≅ ߱ଵ, ߱ଶ ≅ 1 3⁄ ߱ଵ 1900 % 1100 % Multi Limit cycle 
ߛଵ ≅ ߱ଵ, ߛଷ − ߛସ ≅ ߱ଵ, ߱ଶ ≅ 1 4⁄ ߱ଵ 1900 % 1100 % Multi Limit cycle 
 
4.1. Response curves and effects of different parameters 
In this section, the steady state response of the given system at various parameters near the 
simultaneous primary, combined and internal resonance case is investigated and studied. The 
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frequency response equations given by Eq. (26) are solved numerically at the same values of the 
parameters shown in Fig. 3. In all figures, the solid lines stand for the stable solution and the 
dashed lines for the unstable solution.  
 
a) Effects of the detuning parameter ߪଵ  
 
b) Effects of the damping coefficient ߤଵ 
 
c) Effect of the natural frequencies ߱ଵ, ߱ଶ 
 
d) Effects of the non-linear parameter ߚଵ 
 
e) Effects of the non-linear parameter ߚଶ 
 
f) Effects of the non-linear parameter ߚଷ 
 
g) Effects of the non-linear parameter ߚସ 
 
h) Effects of the non-linear parameter ߚହ 
 
i) Effects of the excitation amplitude ߩଵ 
 
j) Effects of the excitation amplitude ߩଶଵ 
Fig. 4. The steady state amplitudes of the first mode of the FGM rectangular plate 
Fig. 4(a) shows the steady state amplitudes of the first mode of the FGM rectangular plate 
against the detuning parameter ߪଵ at the practical case, where ܽଵ ≠ 0, ܽଶ  ≠ 0. Fig. 4(b) shows 
that the steady state amplitude of the first mode of the FGM rectangular plate is a monotonic 
decreasing function in the linear damping coefficients ߤଵ. Fig. 4(c) show that the steady state 
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amplitude of the first mode is a monotonic decreasing function in the natural frequencies ߱ଵ and 
߱ଶ, in this Figure, the response curve is bent to the right and has harding spring type and there 
exists jump phenomena. Figs. 4(d), (e) shows that the steady state amplitude of the first mode is a 
monotonic decreasing function in nonlinear parameter ߚଵ, ߚଶ and the response curves are bent to 
the left leading to the occurrence of the jump phenomena and multi-valued amplitudes. The steady 
state amplitude of the first mode is a monotonic increasing function in the nonlinear parameter ߚଷ, 
ߚସ and the excitation amplitudes ߩଵ as shown in Figs. 4(f), (g), (i). For increasing value of the 
nonlinear parameter ߚହ, the amplitude of the first mode is decreased and the curve is shifted to the 
left as shown in Fig. 4(h). The effect of increasing or decreasing the excitation amplitudes ߩଶଵ on 
the steady state amplitude of the FGM is trivial due to saturation occurrence as shown in Fig. 4(j). 
 
a) Effects of the detuning parameter ߪଷ 
 
b) Effects of the damping coefficient ߤଶ 
 
c) Effect of the natural frequencies ߱ଵ, ߱ଶ 
 
d) Effects of the non-linear parameter ߟଵ 
   
e) Effects of the non-linear parameter ߟଶ 
 
f) Effects of the non-linear parameter ߟଷ 
 
g) Effects of the non-linear parameter ߟସ 
 
h) Effects of the non-linear parameter ߟହ 
Fig. 5. The steady state amplitudes of the second mode of the FGM rectangular plate 
Fig. 5(a) shows the steady state amplitudes of the second mode of the FGM rectangular plate 
against the detuning parameter ߪଷ at the practical case, where ܽଵ ≠ 0, ܽଶ ≠ 0. In this Figure, the 
response amplitude consists of a continuous curve which is bent to the right and there exists jump 
phenomena. Fig. 5(b) shows that the effect of increasing or decreasing the linear damping 
coefficients ߤଶ  on the steady state amplitude of the second mode of FGM is trivial due to 
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saturation occurrence. Figs. 5(c), (d), (f), (g) show that the steady state amplitude of the second 
mode is a monotonic decreasing function in nonlinear parameter ߟଵ , ߟଷ , ߟସ  and the natural 
frequencies ߱ଵ, ߱ଶ and the response curves are bent to the right leading to the occurrence of the 
jump phenomena and multi-valued amplitudes. For increasing value of the nonlinear parameter 
ߟଶ, the amplitude of the second mode is shifted to the right as shown in Fig. 5(e). The steady state 
amplitude of the first mode is a monotonic increasing function in the nonlinear parameter ߟହ, as 
shown in Fig. 5(h). 
4.2. Comparison between the numerical and analytical simulation 
 
a) 
 
b) 
Fig. 6. Comparison between numerical solution (using RKM) and analytical solution  
(using perturbation method) of the system at ߩଵ = 8.6, ߩଶ = 8.6 
 
a) 
 
b) 
Fig. 7. Comparison between numerical solution (using RKM) and analytical solution  
(using perturbation method) of the system at ߩଵ = 1.6, ߩଶ = 1.6 
In this section, the system of nonlinear differential equations given by Eqs. (21) and (22) are 
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solved numerically at the simultaneous primary, combined and internal resonance case where 
ߛଵ ≅ ߱ଵ,  ߛଷ − ߛସ ≅ ߱ଵ and ߱ଶ ≅ 1 2⁄ ߱ଵ. Figs. 6 and 7 show the comparison between numerical 
integration for the system Eqs. 4(a), (b) and the amplitude-phase modulating Eqs. (21) and (22) at 
different values of excitation force amplitudes ߩଵ  and ߩଶ . We found that all predictions from 
analytical solutions are in good agreement with the numerical simulation. 
5. Conclusions 
Multiple time scale perturbation method is useful to determine approximate solutions for the 
coupled nonlinear differential equations describing the FGM rectangular plate system up to and 
including the second order approximation. Both the frequency response equations and the 
phase-plane technique are applied to study the stability of the system. The effect of the different 
parameters of the system is studied numerically. From the above study the following may be 
concluded: 
1) The amplitude of the first mode FGM rectangular plate is increased to about 0.35, while the 
amplitude of the second mode is increased to about 0.4 at the non-resonant case  
(ߛଵ ≠ ߛଶ ≠ ߛଷ ≠ ߛସ ≠ ߱ଵ ≠ ߱ଶ). 
2) The amplitude of the first mode FGM rectangular plate is increased to about 1950 % of that 
values shown in Fig. 2, while the amplitude of the second mode is increased to about 1150 % at 
the worst resonance case (the simultaneous primary, combined and internal resonance  ߛଵ ≅ ߱ଵ, 
ߛଷ − ߛସ ≅ ߱ଵ and ߱ଶ ≅ 1 2⁄ ߱ଵ). 
3) The amplitude of the first and second mode FGM rectangular plate are increased to about 
1900 % and 1100 % respectively at the worst resonance case ( ߛଵ ≅ ߱ଵ , ߛଷ − ߛସ ≅ ߱ଵ  and  
߱ଶ ≅ 1 3⁄ ߱ଵ) and (ߛଵ ≅ ߱ଵ, ߛଷ − ߛସ ≅ ߱ଵ and ߱ଶ ≅ 1 4⁄ ߱ଵ). 
4) The steady state amplitudes of the FGM rectangular plate are a monotonic decreasing 
function the linear damping coefficients ߤଵ, the nonlinear parameters (ߚଵ, ߚଶ, ߚହ, ߟଵ, ߟଷ, ߟସ) and 
the natural frequencies ߱ଵ and ߱ଶ. 
5) The steady state amplitudes of FGM rectangular plate are a monotonic increasing function 
in the nonlinear parameters (ߚଷ, ߚସ, ߟହ) and the excitation amplitude  ߩଵ. 
6) The effects of increasing or decreasing the linear damping coefficients ߤଶ and the excitation 
amplitude ߩଶଵ on the steady state amplitude of the FGM are trivial due to saturation occurrence. 
7) The analytical solutions are in good agreement with the numerical simulation at different 
values of excitation amplitude forces ߩଵ and ߩଶ. 
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Appendix 
ܭଵ =
ߚଵܣଵଶ
3 ଵ߱ଶ
,   ܭଶ =
ߚଶܣଶଶ
( ଵ߱ଶ − 4߱ଶଶ)
, ܭଷ =
ߚଷܣଵଷ
8 ଵ߱ଶ
, ܭସ =
ߚହܣଵܣଶ
( ଵ߱ଶ − (߱ଵ + ߱ଶ)ଶ)
,
ܭହ =  
ߚହܣଵ̅ܣଶ
( ଵ߱ଶ − (߱ଵ − ߱ଶ)ଶ)
, ܭ଺ =
ߚସܣଵܣଶଶ
( ଵ߱ଶ − (߱ଵ + 2߱ଶ)ଶ)
, ܭ଻ =
ߚସܣଵ̅ܣଶଶ
( ଵ߱ଶ − (߱ଵ − 2߱ଶ)ଶ)
, 
ܭ଼ = −
ߚଵܣଵ̅ܣଵ
ଵ߱
ଶ −
ߚଶܣଶ̅ܣଶ
ଵ߱
ଶ , ܩଵ =
ߟଶܣଵଶ
(߱ଶଶ − 4 ଵ߱ଶ)
,  ܩଶ =
ߟଵܣଶଶ
3߱ଶଶ
, ܩଷ =
ߟଷܣଶଷ
8߱ଶଶ
, 
ܩସ =
ߟହܣଵܣଶ
(߱ଶଶ − (߱ଶ + ߱ଵ)ଶ)
, ܩହ =
ߟହܣଶ̅ܣଵ
(߱ଶଶ − (߱ଶ − ߱ଵ)ଶ)
, ܩ଺ =
ߟସܣଶܣଵଶ
(߱ଶଶ − (߱ଶ + 2߱ଵ)ଶ)
, 
ܩ଻ =
ߟସܣଶ̅ܣଵଶ
(߱ଶଶ − (߱ଶ − 2߱ଵ)ଶ)
, ܩ଼ =   −
ߟଵܣଶ̅ܣଶ
߱ଶଶ
− ߟଶܣଵ̅ܣଵ߱ଶଶ
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